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ON THE EXISTENCE OF HOLOMORPHIC EMBEDDINGS OF
STRICTLY PSEUDOCONVEX ALGEBRAIC HYPERSURFACES
INTO SPHERES
PETER EBENFELT AND DUONG SON
Abstract. We show that there are strictly pseudoconvex, real algebraic hypersur-
faces in Cn+1 that cannot be locally embedded into a sphere in CN+1 for any N .
In fact, we show that there are strictly pseudoconvex, real algebraic hypersurfaces
in Cn+1 that cannot be locally embedded into any compact, strictly pseudoconvex,
real algebraic hypersurface.
1. Introduction
In 1978, Webster [26] proved that any real algebraic, Levi nondegenerate hyper-
surface M ⊂ Cn+1 admits a holomorphic mapping sending M into a nondegenerate
hyperquadric Q ⊂ CN+1, for some N ≥ n, such that the mapping is transversal to Q
and a local embedding near every point on M . In Webster’s construction, however,
the target hyperquadric Q has in general different Levi signature from that of M . A
few years later, Forstneric [18] and, independently, Faran [17] proved that there are
strictly pseudoconvex (Levi signature 0), real analytic hypersurfaces in Cn+1 (indeed,
in some sense a dense set of such for every n) that do not admit local holomorphic
embeddings into a sphere S ⊂ CN+1 (i.e. a hyperquadric with the same Levi sig-
nature) for any N . This leads naturally to the question (posed explicitly in [18])
whether there are strictly pseudoconvex, real algebraic hypersurfaces in Cn+1 that
also do not admit local holomorphic embeddings into spheres of any dimension or if
every such hypersurface can indeed be locally embedded into a sphere in a sufficiently
high dimensional space; the proofs in [18] and [17] are highly nonconstructive (using
the Baire Category Theorem) and do not offer any criteria for which hypersurfaces
are embeddable. In the recent paper [21], Huang and Zhang show that there are Levi
nondegenerate, real algebraic hypersurfaces of Levi signature l that cannot be locally
embedded into a hyperquadric of the same signature, provided that the signature l
is strictly positive. The main idea in [21] is to establish a monotonicity property for
the pseudoconformal curvature along null directions for the Levi form, an approach
that cannot work when the hypersurfaces are strictly pseudoconvex. In this paper,
we shall settle the strictly pseudoconvex case and show that there are strictly pseu-
doconvex, real algebraic hypersurfaces in Cn+1 that do not admit local holomorphic
embeddings into a sphere S ⊂ CN+1 for any N . In fact, we shall prove the stronger
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statement that there are strictly pseudoconvex, real algebraic hypersurfaces that do
not admit nonconstant holomorphic mappings into any strictly pseudoconvex, com-
pact, real algebraic hypersurface. We should point out that any local holomorphic
mapping sending a real algebraic hypersurface into a strictly pseudoconvex, real al-
gebraic hypersurface is necessarily algebraic [28] and thus extends, in a sense, as a
“global” mapping, albeit potentially multi-valued with singularities.
Other recent papers that have investigated the existence of holomorphic embed-
dings into hyperquadrics include [22], [23], and [29]. Zaitsev (in [29]) studied ob-
structions to embeddability into hyperquadrics of any signature and dimension, and
provided explicit examples of real analytic, Levi nondegenerate hypersurfaces that
are not embeddable into hyperquadric of any dimension. In view of Webster’s result
mentioned above, the hypersurfaces in Zaitsev’s examples are not real-algebraic. In
fact, one can not make those hypersurfaces real algebraic by any changes of holomor-
phic coordinates (the first example of such a hypersurface was constructed by the first
author in [10]; Forstneric [19] later showed that this is true for “most” real analytic
hypersurfaces). We also mention here the work of S.-Y. Kim and J.-W. Oh concern-
ing the existence of local embeddings into spheres using differential systems [22]. The
necessary and sufficient conditions for embeddability obtained in [22] are very compli-
cated relations between various pseudoconformal invariants, making them practically
impossible to verify in specific examples, in particular in the examples given in this
paper. The corresponding “uniqueness” or classification problem for mappings into
hyperquadrics has also been extensively studied. We mention here only a few papers
in this direction: [27, 15, 16, 20, 11, 12, 2, 3, 14, 9] and refer the reader to these papers
for further discussion and other references. Finally we would like to mention that the
existence of embeddings into spheres can be formulated as a “sums of squares” or
positivity problem. The reader is referred to D’Angelo’s paper [8] for details and
discussion.
Recall that a smooth (meaning C∞ here) hypersurface M ⊂ Cn+1 is said to be real
algebraic if it is contained in the zero locus of a non-trivial, real-valued polynomial.
For the remainder of this paper, a real hypersurface refers to a connected, smooth
manifold of real codimension one in a complex space (or manifold). Our first main
result states that there are closed, strictly pseudoconvex, real algebraic hypersurfaces
in Cn+1 that do not admit nonconstant holomorphic mappings into a compact, strictly
pseudoconvex, real algebraic hypersurface (in particular, a sphere) in CN+1 for any
N . More precisely, we have:
Theorem 1.1. For any positive integer n, there exist closed, strictly pseudoconvex,
real algebraic hypersurfaces M in Cn+1 such that if p ∈ M and H is a local holo-
morphic mapping in an open neighborhood of p sending M into a compact, strictly
pseudoconvex, real algebraic hypersurface in CN+1, for some N ≥ n, then H is con-
stant.
As mentioned above, this result resolves, in particular, the question discussed in
the first paragraph, and posed explicitly in [18] and [21] (Question 3.8), regarding the
existence of local embeddings of strictly pseudoconvex, real algebraic hypersurfaces
into spheres.
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It is obvious that the source hypersurfaces whose existence is asserted in Theo-
rem 1.1 cannot be compact (since the identity mapping would then be a counterex-
ample). However, our second main result states that there are compact, real algebraic
hypersurfaces in Cn+1 that are strictly pseudoconvex except at one point and that do
not admit nonconstant holomorphic mappings into a compact, strictly pseudoconvex,
real algebraic hypersurface (in particular, a sphere) in CN+1 for any N :
Theorem 1.2. For any positive integer n, there exist compact, real algebraic hyper-
surfaces M in Cn+1 that are strictly pseudoconvex except at one point such that if
p ∈ M and H is a local holomorphic mapping in an open neighborhood of p sending
M into a compact, strictly pseudoconvex, real algebraic hypersurface in CN+1, for
some N ≥ n, then H is constant.
We should point out that the existence of weakly pseudoconvex points alone is not
an obstruction to having holomorphic embeddings into spheres as examples readily
show. For instance, the complex ellipsoid in C2 defined by
(1) |z|2p + |w|2q = 1, p, q ∈ Z+, p, q ≥ 2
is weakly pseudoconvex along z = 0 and w = 0, but is nevertheless mapped into the
unit sphere in C2 by the mapping H(z, w) = (zp, wq), which is locally biholomorphic
near every strictly pseudoconvex point. Nevertheless, the idea in the proof of Theo-
rem 1.2 is to construct hypersurfaces with weakly pseudoconvex points of a particular
type (see Section 4) and then show that the existence of such points serve as global
obstructions to embeddability into compact strictly pseudoconvex, real algebraic hy-
persurfaces (see Theorem 1.3). The proof of Theorem 1.1 is then obtained by applying
an automorphism of the projective space Pn+1 to move the weakly pseudoconvex point
off to infinity.
In order to state our result concerning the obstruction to embeddability, we need
to introduce a couple of basic concepts in CR geometry, namely those of finite non-
degeneracy and minimality. The reader is referred to [4] for further elaboration on
these and other concepts in CR geometry. Recall that a real hypersurface M ⊂ Cn+1
is said to be minimal at a point p ∈M if M does not contain a complex hypersurface
through p. If M is real-analytic, then minimality is equivalent to finite (commutator)
type in the sense of Kohn and Bloom–Graham (see [4] for the precise definition of
the latter notion). The hypersurface M is said to be finitely nondegenerate at p ∈M
if the following (infinite) collection of vectors spans Cn+1:
(2) (LIρZ)(p, p¯), I = (I1, . . . , In) ∈ Z+,
where L1, . . . , Ln form a basis for the CR vector fields onM near p, we use multi-index
notation LI := LI11 . . . , L
In
n , ρ(Z, Z¯) is a defining function for M near p, and
(3) ρZ :=
(
∂ρ
∂Z1
, . . . ,
∂ρ
∂Zn+1
)
.
If M is finitely nondegenerate at p ∈ M , then a finite subcollection of the vectors in
(2) spans Cn+1. We say that M is k-nondegenerate at p if k is the smallest integer
such that the subcollection of vectors in (2) with |I| := I1 + . . . + In ≤ k spans.
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It is not difficult to check that M is Levi nondegenerate at p if and only if M is
1-nondegenerate at p. The notion of finite nondegeneracy and the integer k are
biholomorphic invariants and do not depend on the choice of L1, . . . , Ln or ρ (see [4]).
We may now state our final main result in this paper, asserting that a minimal, real
analytic hypersurface M that contains a point p ∈M at which M is k-nondegenerate
with k ≥ 2 (in particular, M is not Levi nondegenerate at p) can only be mapped
into a compact, strictly pseudoconvex, real algebraic hypersurface in the trivial way.
Theorem 1.3. Let M be a real analytic hypersurface in Cn+1 which is minimal at
all points and assume that there is a point p ∈ M at which M is k-nondegenerate
with k ≥ 2. Suppose q is an arbitrary point on M . If a local holomorphic mapping
H in an open neighborhood of q sends M into a compact, strictly pseudoconvex, real
algebraic hypersurface in CN+1, for some N ≥ n, then H is constant.
The proof of this result has two main ingredients. The first is a result by Shafikov
and Verma [24] concerning holomorphic continuation of a local holomorphic mapping
into a compact, strictly pseudoconvex, real algebraic hypersurface along CR curves.
The second is an analysis, in the spirit of [7] and [13], of the geometry of a holomorphic
mapping near a finitely nondegenerate point.
2. Preliminaries
In this section, we recall some basic notions and fix some notation. We refer to [4]
for more detail and proofs of the statements made below. Let M ⊂ Cn+1 be a smooth
real-analytic hypersurface and p ∈M . There is a local holomorphic coordinate system
(z, w) vanishing at p such that M is given by
Imw = 〈z, z¯〉+ F (z, z¯,Rew),
where F vanishes to order 3. The hypersurface M is said to be Levi-nondegenerate
at p if the quadratic form 〈z, z¯〉 is nondegenerate and strictly pseudoconvex if the
form is positive definite. The coordinate system (z, w) can be chosen such that
F (z, 0, s) = F (0, χ, s) ≡ 0 (normal coordinates). By replacing Imw = 1
2i
(w − w¯) and
Rew = 1
2
(w + w¯) and solving for w we obtain a defining equation for M (in normal
coordinates) of the form:
(4) w = Q(z, z¯, w¯),
where Q satisfies Q(0, z¯, w¯) ≡ Q(z, 0, w¯) ≡ w¯ and the reality condition
(5) Q(z, z¯, Q¯(z¯, z, w)) ≡ w.
It is convenient to use the complex defining equation (4) to define the notions of
essential finiteness and essential type as follows. We replace z¯, w¯ by independent
variables χ, τ and write
Q(z, χ, 0) =
∑
I∈Nn
qI(z)χ
I .
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Let IM be the ideal in C[[z]] generated by {qI(z)}I . Following Baouendi, Jacobowitz
and Treves [6], we shall say that M is essentially finite at p if IM is of finite codimen-
sion in C[[z]]. The dimension dimC C[[z]]/IM is a biholomorphic invariant of M and
is called the essential type of M at p, denoted by ess typepM .
Finite nondegeneracy, as defined in the introduction, at (0, 0) in normal coordinates
reduces to the statement that the following collection of vectors spans Cn:
(6) QzχI (0, 0, 0), I = (I1, . . . , In) ∈ Z+,
and M is k-nondegenerate at p = (0, 0) if k is the smallest integer such that the
collection of vectors in (6) with |I| ≤ k spans. To conclude this section, we mention
that finite nondegeneracy of a real-analytic hypersurface M at p ∈ M is equiva-
lent to the statement that M is essentially finite at p and ess typepM = 1 (see [4,
Proposition 11.8.27]).
3. Some Lemmas and proof of Theorem 1.3
We will need several lemmas to prove Theorem 1.3. First, we shall prove the
following Hopf Lemma type result:
Lemma 3.1. Let M,M ′ be real hypersurfaces through p, p′ in Cn+1 and CN+1 re-
spectively. Assume that M is minimal at p and M ′ has a smooth plurisubharmonic
defining function near p′ (e.g. M ′ strictly pseudoconvex at p′). Suppose that a germ
of holomorphic mapping H : (Cn+1, p) → (CN+1, p′) sends M into M ′. If H does
not send an open neighborhood of p in Cn+1 into M ′ then H is transversal to M ′ at
p′ = H(p).
Although this result is well known, the authors have been unable to find this precise
statement in the literature. Thus, for the reader’s convenience, we will provide a proof
here. Let ∆ be the unit disc in C and ∆ its closure. An analytic disc in Cn+1 is a
continuous mapping σ : ∆ → Cn+1 which is holomorphic in ∆. We shall say that
σ is attached to M if σ(∂∆) ⊂ M . A fundamental theorem by Tumanov [25] (see
also Chapter VIII in [4]) states that if M is minimal at p ∈ M , then for any open
neighborhood U of p the set of analytic discs of class C1,α(∆), for some α ∈ (0, 1),
contained in U , attached to M , and passing through p fill up an open subset of U
(containing at least “one side” of M near p).
Proof of Lemma 3.1. Since H does not send a neighborhood of p in Cn+1 intoM ′ and
M is minimal, by the result of Tumanov mentioned above, there is an analytic disc
σ : ∆→ Cn+1 of class C1,α(∆), contained in an open neighborhood of p on which H is
holomorphic and attached to M with σ(1) = p, such that H
(
σ(∆)
)
is not contained
in M ′. Now let ρ′ be a plurisubharmonic defining function for M ′ near p′. Then
u = ρ′ ◦ H ◦ σ is a non-constant function of class C1,α(∆), subharmonic in ∆ and
vanishing on ∂∆. Let
Xp = σ∗
(
∂
∂x
∣∣∣∣
ζ=1
)
, ζ = x+ iy.
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By the maximum principle, u < 0 in ∆ and by the classical Hopf boundary point
lemma for subharmonic functions,
∂u
∂x
(1) > 0
and consequently, H∗Xp 6∈ Tp′M
′. Thus H is transversal to M ′ at p′. 
Recall that a germ of a holomorphic mapping H : (Cn+1, p)→ (CN+1, p′) is said to
be finite if the ideal I(H) generated by the components of H in the ring Op of germs
of holomorphic functions at p is of finite codimension. In this case, we shall refer to
this codimension as the multiplicity of H at p,
multpH := dimCOp/I(H).
It is well known (see e.g. [1]) that ifH is finite at p, then for every q close p the number
of preimages m := H−1(H(q)) is finite and m ≤ multpH . (In the equidimensional
case N = n, the generic number of preimages equals multpH , but in general we only
have the inequality). If H is finite at p with multiplicity one, then it follows readily
that H is a local embedding.
Now we can state and prove the following theorem about CR transversal mappings
between real hypersurfaces.
Proposition 3.2. Let M and M ′ be real-analytic hypersurfaces in Cn+1 and CN+1
respectively and let p ∈ M , p′ ∈ M ′. Suppose that H : (Cn+1, p) → (CN+1, p′) is a
germ of holomorphic mapping sending (M, p) into M ′. If M is essentially finite at p
and H is transversal to M ′ at p′ = H(p), then H is finite and
(7) multpH ≤ ess typepM.
Furthermore, if M is finitely nondegenerate, then H is a local embedding.
Proof. Suppose that M and M ′ are given in normal coordinates Z = (z, w) and
Z ′ = (z′, w′), vanishing at p and p′ respectively, by complex defining functions ρ and
ρ′ of the forms:
ρ(z, w, z¯, w¯) = w −Q(z, z¯, w¯), ρ′(z′, w′, z¯′, w¯′) = w′ −Q′(z′, z¯′, w¯′).
Since H sends M into M ′, the following holds for some real-analytic function a(Z, ξ).
(8) G(Z)−Q′(F (Z), H¯(ξ)) = a(Z, ξ) (w −Q(z, ξ)).
Here, H = (F,G) with F = (F1, . . . , FN). By setting ξ = 0, taking into account that
H¯(0) = 0, Q(z, 0, 0) ≡ 0 and Q′(z′, 0, 0) ≡ 0 we deduce that
(9) G(Z) = a(Z, 0)w.
Setting w = τ = 0 and observing from (9) that G(z, 0) ≡ 0 and G¯(χ, 0) ≡ 0, we get
(10) Q′(F (z, 0), F¯ (χ, 0), 0) = a(z, 0, χ, 0) ·Q(z, χ, 0).
Since H is transversal, we have a(0) 6= 0 (see e.g. [5]). Therefore, a(z, 0, χ, 0) is
non-vanishing for (z, χ) close to zero and hence
(11) a(z, 0, χ, 0)−1 ·Q′(F (z, 0), F¯ (χ, 0), 0) = Q(z, χ, 0).
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We expand
(12) Q(z, χ, 0) =
∑
I
qI(z)χ
I .
Let IM and I(F ) be the ideals in C[[z]] generated by {qI(z) : I ∈ N
n} and {Fj(z, 0) : j =
1, . . . N}, respectively. We claim that
(13) IM ⊂ I(F ).
Indeed, for each multi-index I ∈ Nn, one has from (11) that
(14) qI(z) =
1
I!
∂I
∂χI
(
a(z, 0, χ, 0)−1 ·Q′(F (z, 0), F¯ (χ, 0), 0)
)∣∣∣∣
χ=0
.
If we expand
(15) Q′(z′, χ′, 0) =
∑
J
q′J(z) (χ
′)J ,
then it is clear from (14) that qI(z) belongs to the ideal generated by the q
′
J(F (z, 0)),
J ∈ NN , which in turn belongs to the ideal I(F ) (since the ideal IM ′ , generated by
the q′J(z
′), of course is contained in the maximal ideal). Therefore, we obtain (13).
Furthermore, since M is essentially finite, IM is of finite codimension in C[[z]] and so
is I(F ), by (13), and hence F (z, 0) is finite. Moreover,
(16) mult0(F (·, 0)) = dimCC[[z]]/I(F ) ≤ dimC C[[z]]/IM = ess type0(M).
On the other hand, it follows from (9) and the invertibility of a(Z, 0) that w ∈ I(H)
and, hence, H is also finite and
(17) mult0(H) = mult0(F (·, 0)).
From (16) and (17), we obtain (7).
Furthermore, if M is finitely nondegenerate at p, or equivalently (as mentioned
above) ess typepM = 1, then it follows from (7) that multpH = 1 and thus H is a
local embedding. 
The following lemma is elementary.
Lemma 3.3. Let M and M ′ be real hypersurfaces in Cn+1 and CN+1 through p and
p′ respectively. Let H : (Cn, p)→ (CN , p′) be a germ of holomorphic mapping sending
M into M ′. Suppose that M ′ is strictly pseudoconvex at p′ and H is local embedding.
Then M is strictly pseudoconvex at p.
Proof. Let ρ′ be a strictly plurisubharmonic local defining function for M ′ near p. By
Lemma 3.1, H is transversal toM ′ at p′ and hence ρ = ρ′◦H is a local defining function
for M near p (see [5]). Since H is local embedding, ρ is strictly plurisubharmonic
near p and thus M is strictly pseudoconvex at p. 
In order to prove Theorem 1.3, we will also need the following theorem by Shafikov
and Verma.
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Theorem 3.4 ([24]). Let M be a smooth real analytic minimal hypersurface in Cn+1,
M ′ a compact, strictly pseudoconvex, real algebraic hypersurface in CN+1, 1 < n ≤ N .
Suppose that H is a germ of a holomorphic map at a point p ∈M and H(M) ⊂M ′.
Then H extends as a holomorphic map along any CR-curve on M such that the
extension sends M into M ′.
Proof of Theorem 1.3. LetM ′ be a compact, strictly pseudoconvex, real algebraic hy-
persurface in CN+1. Let q ∈M , q′ ∈M ′ and suppose that H : (Cn+1, q)→ (CN+1, q′)
is a germ of a nonconstant holomorphic mapping sending (M, q) into (M ′, q′). By
Theorem 3.4, H extends as a holomorphic map (necessarily nonconstant) along every
CR-curve, in particular one connecting q and p (which exists by the assumption that
M is minimal). The extension is then a nonconstant holomorphic mapping near p
sending M into M ′. Since M ′ is strictly pseudoconvex, H does not send an open
neighborhood of p in Cn+1 into M ′ and, therefore by Lemma 3.1, H is transversal to
M ′ at p′. Consequently, by Proposition 3.2, H is a local embedding at p, since M is
finitely (k-)nondegenerate at p. It then follows from Lemma 3.3 that M is strictly
pseudoconvex at p. This is a contradiction (since k ≥ 2), which completes the proof
of Theorem 1.3. 
4. Proof of Theorems 1.1 and 1.2; A Construction
In this section we shall construct a compact, real algebraic hypersurface M in Cn+1
that is strictly pseudoconvex except at 0 ∈ M and that is 3-nondegenerate at 0.
This will prove Theorem 1.2 in view of Theorem 1.3. (Finite nondegeneracy implies,
in particular, minimality; see [4].) At the end of this section, we shall also prove
Theorem 1.1.
Consider the homogeneous, real-valued polynomials PR in C
n+1 (where we shall
use the notation Z = (z, w) ∈ Cn × C for the variables) given by
(18) PR(z, w, z¯, w¯) := R
(
n∑
k=1
|zk|
2 + |w|2
)2
+ 2
n∑
k=1
Re (zkz¯
3
k), R > 0.
It is easy to see that for sufficiently large R > 0, the polynomials PR are strictly
positive and strictly plurisubharmonic away from 0. In what follows, we shall assume
that R is so large that these facts hold and will drop the subscript R on PR, i.e.
P = PR. Next, consider the polynomial
(19) ρ(z, w, z¯, w¯) := −Imw + P (z, w, z¯, w¯)
and define M ⊂ Cn+1 to be real algebraic variety given by the zero locus of ρ. It is
straightforward to verify that M is a compact (ρ → ∞ as ||z||2 + |w|2 → ∞), real
hypersurface (no singularities; ρw = 0 implies that w has strictly negative imaginary
part and there are no such points on M). Since ∂∂¯ρ = ∂∂¯P , we conclude that ρ is
strictly plurisubharmonic except at 0 ∈ M and, hence, M is strictly pseudoconvex
except at 0 (where clearly M is weakly pseudoconvex). To show that M satisfies the
conclusion of Theorem 1.2, it suffices to show that M is k-nondegenerate at 0 with
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k ≥ 2 (and in this case k equals 3). A basis for the CR vector fields on M near 0 is
given by
(20) Lj :=
∂
∂z¯j
− 2iPz¯j
∂
∂w¯
, j = 1, . . . n.
We note that for any multi-index I ∈ Zn+ and any smooth function u, we have
(LIu)(0, 0) =
∂|I|u
∂z¯I
(0, 0).
We also have
(21) ρZ =
(
2Rz¯1
( n∑
k=1
|zk|
2 + |w|2
)
+ z¯31 + 3z
2
1 z¯1, . . . ,
2Rz¯n
( n∑
k=1
|zk|
2 + |w|2
)
+ z¯3n + 3z
2
nz¯1,−
1
2i
+ 2Rw¯
( n∑
k=1
|zk|
2 + |w|2
))
Thus, we conclude that ρZ(0, 0) = (0, . . . , 0,−1/2i) and (L
IρZ)(0, 0) = (0, . . . , 0)
unless LI = L3j in which case we have (L
3
jρZ)(0, 0) = (0, . . . , 0, 6, 0, . . . , 0) where the 6
appears in the j:th component. Therefore, M is 3-nondegenerate at 0. As mentioned
above, M then satisfies the conclusion of Theorem 1.2, and this completes the proof
of this theorem.
To prove Theorem 1.1, we note that M meets the complex hyperplane W :=
{(z, w) ∈ Cn+1 : w = 0} only at the point (0, 0). Consider the linear fractional
transformation
zˆj =
zj
w
, wˆ =
1
w
, j = 1, . . . n.
This transformation extends as an automorphism Φ of the projective space Pn+1
sending the complex hyperplane W to the hyperplane at infinity. If we define Mˆ :=
Φ(M) ∩ Cn+1, then Mˆ is a closed, real algebraic hypersurface in Cn+1 that is bi-
holomorphic to M \ {(0, 0)} and is therefore strictly pseudoconvex at every point.
Clearly, any local holomorphic mapping of Mˆ into a compact, strictly pseudoconvex,
real algebraic hypersurface in CN+1 induces a local holomorphic mapping of M into
the same hypersurface and, hence, must be constant by Theorem 1.2. This completes
the proof of Theorem 1.1.
5. Concluding Remarks
While, as mentioned in the introduction, it is obvious that there cannot be a
compact, real algebraic hypersurface M ⊂ Cn+1 that is strictly pseudoconvex at
every point and satisfies the conclusion of Theorem 1.2, there could exist such a
hypersurface that cannot be locally (nontrivially) mapped into a sphere in CN+1 for
any N . Thus, to conclude this paper we offer the following refined, yet unresolved
version of the original question settled in this paper:
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Question 5.1. Does there exist a compact, real algebraic hypersurface M ⊂ Cn+1,
strictly pseudoconvex at every point such that if H is a local mapping sending a piece
of M into a sphere in CN+1, then H must be constant?
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